A number of first order topological phases are found to emerge in the ferromagnetic Kitaev-Heisenberg model on square-octagon lattice in the presence of Dzyaloshinskii-Moriya interaction. Heisenberg and Kitaev terms have been considered on nearest and next-nearest neighbor bonds in a variety of ways. Both isotropic and anisotropic couplings are taken into account. Topological phases are characterized by Chern numbers for the distinct magnon bands as well as the number of modes for topologically protected gapless magnon edge states. Band structure, dispersion relation along the high-symmetric points of first Brillouin zone, density of states and thermal Hall conductance have been evaluated for every phase. Phase diagrams have been constructed. Topological phase transition is also noted in the parameter space.
I. INTRODUCTION
Study of topological properties on condensed matter systems hails a new era in theoretical as well as experimental investigations. Chern number (C) is recognized as the topological invariant for the characterization of topological phase of that particular class of topological insulators (TI), where time-reversal symmetry (TRS) is broken 1 . The relation between C and number of topologically protected modes of edge state is governed by 'bulkedge-correspondence' rule 2 . C of a definite band is determined by integrating the Berry curvature over the first Brillouin zone (1BZ). Nontrivial topological phase corresponds to that state where the system exhibits at least a pair of nonzero values of C. A variety of many particle interactions are found responsible behind the emergence of non-trivial topological phases. Several kinds of interactions deform the Berry curvatures in so many different ways that they eventually lead to numerous topological phases. Performance of few potential two-spin interactions will be discussed here, those are found crucial to induce non-triviality in magnetic systems.
The first magnetic material who demonstrates nontriviality is Lu 2 V 2 O 7 3,4 . The experimental results are explained in terms of a spin-1/2 ferromagnetic (FM) Heisenberg model on a kagomé lattice in the presence of antisymmetric Dzyaloshinskii-Moriya interaction (DMI) 5, 6 . Two distinct topological phases characterized by C=(101) and (101) appear around the zero DMI strength, wherex means −x. Emergence of those phases can be regarded as the handiwork of DMI term 7, 8 . Those states are observed again in another kagomé ferromagnet, Cu[1,3-benzenedicarboxylate (bdc)] 9 . This kind of state is now termed as topological magnon insulating (TMI) phase. In both cases, TMI phase is observed in the presence of an external magnetic field which acts as a TRS breaking component in the system.
In another development, FM Heisenberg models consisting of both nearest-neighbor (NN) Kitaev 10 and symmetric spin-anisotropic interactions (SAI) are found to exhibit TMI phases on the honeycomb lattice in the presence of magnetic field. This two-band system hosts the TMI phase with C= (11) , when both the two-spin interacting terms are present 11 . This model is extended beyond NN interactions by including third-neighbor Kitaev and SAI terms which is found to host multiple novel TMI phases with higher Chern numbers 12 . DMI term fails to induce non-triviality in this honeycomb model. Thus search for new combinations of two-spin terms continues those are capable to induce non-triviality in other lattice geometries.
In this article, emergence of multiple TMI phases will be reported in a four-band FM Heisenberg model formulated on a square-octagon lattice which includes both NN and next-nearest-neighbor (NNN) Heisenberg and Kitaev terms along with NNN DMI term. NN DMI term has no effect on the topological phases, while presence of NNN DMI turnes out to be indispensable for the emergence of topological phases. Again, DMI only on the NN bonds alone fails to drive the system into the topologically nontrivial regime. Remarkably, SAI term has no role in this system while magnetic field is assumed to break the TRS. Emergence of photo-induced multiple topological phases is reported before in a tight-binding model on squareoctagon lattice 13 . Topological phases in the presence of spin-orbit coupling and magnetic field are also investigated on this lattice [14] [15] [16] .
Square-octagon lattice has been brought to light before in the context of antiferromagnetic (AFM) compound, CaV 4 O 9 17 . The spin-1/2 V 4+ ions in this spin-liquid constitute square-octagon lattice structure 18 . Coordination number for both honeycomb and square-octagon lattices is three while their symmetries are different. For example, honeycomb (square-octagon) lattice has the six (four) -fold rotational symmetry, C 6 (C 4 ). Primitive cell contains two and four lattice points for honeycomb and square-octagon lattices, respectively. FM Kitaev models with anisotropic NN bond strengths based on those non-Bravais lattices have been solved exactly in terms of Majorana fermions 10, 19 . The gapless phases for both the lattices become topologically nontrivial as soon as the magnetic field is switched on. The topological phase of both honeycomb and square-octagon Kitaev models is unique in a sense that the resulting two-band system carries C= (11) in the Majorana fermion representation. In contrast, no topological phase based on the bosonic magnon excitation emerges in the NN Kitav models on honeycomb and square-octagon lattices in the presence of magnetic field.
The Hamiltonian based on this model is formulated in Sec II. The linear spin-wave theory (LSWT) is developed in Sec III. Methods adopted for the numerical evaluation of (C), number of edge state and thermal Hall conductance (THC) are described in Sec IV. THC experiences sudden jump in the vicinity of phase transition points. The system hosts one short of one and a half dozen of distinct topological phases in total. They are presented in Sec V. Half dozen of them appears when isotropic Kitaev interaction is assumed while a dozen appears for anisotropic case. Only one phase is found common in both the cases. Topological phase diagrams have been produced in various forms. A discussion based on those results is presented in Sec VI.
II. KITAEV-HEISENBERG MODEL WITH DZYALOSHINSKII-MORIYA INTERACTIONS ON THE SQUARE-OCTAGON LATTICE
In order to develop the spin wave theory, a general form of spin Hamiltonian is considered which contains three specific two-spin interacting terms, say, Kitaev, Heisenberg and DMI in the presence of an external magnetic field. Both Kitaev and Heisenberg terms are present on the NN and NNN bonds of the square-octagon lattice while DMI is present on a pair of opposite NNN bonds within the octagon plaquette. The Hamiltonian (1) is written as
(1) Here, J (J ′ ) and K γ (K ′ γ ) are the Heisenberg and Kitaev interaction strengths respectively for the NN (NNN) bonds. DMI strength is denoted by D m . Every site of the square-octagon lattice is connected with the others by three NN bonds as well as three NNN bonds. In order to assign the Kitaev interactions, three different components are represented by γ = x, y, z, both for NN and NNN bonds. h = gµ B H, where H is the strength of magnetic field which is acting along the +ẑ direction. S α i is the α-th component of spin operator, S i , at the i-th site, where α = x, y, z. Summations over NN and NNN bonds are shown by the indices · and · , respectively. Periodic boundary condition (PBC) is assumed along both x and y directions. Values of J and J ′ are always negative when they are nonzero. Both positive and negative values of K and K ′ are considered, but magnitudes of J and J ′ are always greater than those of K and K ′ in the isotropic case to ensure the FM ground state. J and J ′ are assumed zero in the anisotropic case without any loss of generality.
Schematic view of this spin model is given in Fig 1 (a) , where NN (NNN) bonds are indicated by solid (dashed) lines. δ 1 and δ 2 are the two primitive vectors to constitute the primitive cell (a square of arm length √ 5 a) of the square-octagon lattice. The primitive cell represented by the square encloses four nonequivalent sites A, B, C and D, shown by red, blue, yellow and green spheres, respectively. Obviously, the square-octagon lattice can be decomposed in terms of four interpenetrating square lattices made of each for four sites A, B, C and D, separately. Alternately, the resulting lattice can be thought of as a specific structure of 1/5-depleted square lattice which preserves the four-fold rotational symmetry, C 4 , of the square lattice itself.
No topological phase will appear in this model if DMI is absent. Additionally, the direction of D m as well as the combination of bonds on which DMI is acting are very crucial for the emergence of topological phases. For example, DMI on every NN and NNN bond within the square plaquette does not lead to non-trivial topological phase by any means. It is found that only two specific combinations comprising of two pairs of opposite NNN bonds within the octagon plaquette where the directions of D m are also opposite to each other could lead to the nontriviality. One of such combination is shown in Fig 1  (a) , in which DMI is acting over AD and BC bonds but opposite in directions. Opposite arrowhead over AD and BC bonds imply the directions of D m , which are ±ẑ, for the respective bonds. DMI over AB and CD bonds may form another potential combination if the directions of that are chosen opposite to each other. However, the later choice is not assumed here, since it fails to host new topological phases anymore.
III. SPIN WAVE ANALYSIS
The magnon dispersion relations based on the exact FM ground state are obtained by converting the spin operators in terms of bosonic creation (b † ) and annihilation (b) operators via the Holstein-Primakoff transformation,
Hamiltonian (Eq.1) has been expressed in the momentum space by Fourier-transforming the operators in that
where N is the total number of primitive cells. Thus, the Hamiltonian with respect to the ground state energy,
where, Terms containing product of four bosonic operators have been neglected since they invoke inter-magnon interactions. H k is a 8×8 matrix, which can be expressed in terms of two different 4×4 matrices, X k and Y k as
where, both X k and Y k are Hermitian.
Considering the spin polarization along the +z direction components of X k and Y k are obtained below.
Here, a is the length of NN bond which is assumed to be 1. Following the Bogoliubov diagonalization method applicable for the bosonic operators, the non-Hermitian matrix, I B H k has been diagonalized, instead of H k , in order to obtain the eigenenergies and eigenmodes where
. Four positive eigenenergies of I B H k are treated as the magnon excitation energies of the system. Accuracy of the results increases with the value of S. Topological phases have been obtained in the regime where the real eigenenergies are available. Eigenenergies thus constitute the four-band magnon dispersion relations. Band structure varies with the value of magnetic field in such a fashion that no alteration of the topological phases is found.
IV. CHERN NUMBER, EDGE STATES AND THERMAL HALL CONDUCTANCE
In order to characterize the first order topological phases of this four-bands system, the Chern number for each distinct magnon band is calculated, when there remains a definite gap between adjacent bands. Chern number for a particular band i, C i , is obtained by integrating the Berry curvature of that band, F i (k) over the 1BZ.
where, F i (k) is expressed in terms of the corresponding Berry connection,
, and |ψ i (k) is the eigenvector of the i-th magnon band. C i has been evaluated numerically 20 .
According to the 'bulk-edge-correspondence' rule the presence of nonzero value of C implies the existence of
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PSfrag replacements E kx ky (a) edge states. Edge state corresponds to the surface property of the system. To calculate the bulk-edge energy spectrum a pair of edges parallel to the x-axis is created here by breaking the PBC along the y-axis. As a result, a strip of square-octagon lattice is constructed which has N primitive cells along theŷ and infinitely long towards thex. Fourier transform of the bosonic operators is taken only along the x direction and 4N × 4N Hamiltonian has been obtained. THC, κ xy , of the system can be expressed in terms of F (k) for the system as 23, 24 ,
Here T is the temperature, k B is the Boltzmann constant and is the reduced Planck's constant. 
. Like all thermodynamic quantities, κ xy (T ) also gets saturated at high temperatures. As κ xy (T ) directly depends on the Berry curvature so it behaves differently in different topological phases. As a result, κ xy suffers sudden change in its value at the phase transition points.
V. TOPOLOGICAL PHASES
In this study, isotropic Heisenberg interaction on the NN and NNN bonds is assumed, while both isotropic and anisotropic Kitaev couplings are taken into account. Anisotropic XXZ Heisenberg interaction on the NN and NNN bonds is not considered here because of the following reason. Total Hamiltonian containing isotropic Heisenberg and DMI terms can be mapped on to the anisotropic XXZ Heisenberg Hamiltonian via a canonical transformation of the spin operators, which is valid for any values of S 21 . It is true even for arbitrary directions of D m over different bonds as long as they are parallel or antiparallel to each other 22 . Which means that effect of DMI term on the Heisenberg model can be studied in terms of a suitable XXZ Heisenberg Hamiltonian where the value of anisotropic parameter depends on the values of exchange and DMI strengths. So, in other words, inclusion of anisotropic Heisenberg interaction could not lead to the emergence of new topological phases anymore.
For example, the same set of two distinct topological phases with C=(101) and (101), appear in two previously studied models where isotropic and anisotropic XXZ Heisenberg Hamiltonians are formulated on kagomé lattice in the presence of DMI 7, 8 . A closer scrutiny on those two models reveals that only the diagonal terms of those Hamiltonian matrices (H ij ) are different, where the values of Cs are insensitive to them. Off-diagonal matrix elements satisfy the relation, H ij (−D m ) = H * ij (D m ), which on the other hand corresponds to the band inversion about D m = 0, in this particular case 7 . And as a result, Cs of the two topological phases exhibit mirror symmetry around the middle band.
Here, the system hosts seventeen distinct topological phases in total. Six are found for the isotropic Kitaev coupling but twelve for the anisotropic case. All of them are described in the following two subsections. One phase is found common in both the cases. Every topological phase is described by band structure, dispersion relation along the high-symmetric points of first Brillouin zone, density of states (DOS) and thermal Hall conductance. Value of C for each distinct band has been evaluated in association with the bulk-edge energy spectrum for the Hamiltonian formulated on the strip of square-octagon lattice of finite length along y-axis. PSfrag replacements 
A. Isotropic Kitaev coupling
In this case, the same value of Kitaev interaction along three different links of the lattice is considered, which means, K γ = K and K ′ γ = K ′ . Similar model on the two-band honeycomb lattice exhibits multiple TMI phase with higher values of Cs, when third neighbor interactions are invoked 12 . In this study, isotropic Kitaev model on the square-octagon lattice is found to exhibit six topological phases. Bulk energy dispersion with specific values of C have been plotted in Fig 2 for them C = (2222) appears when all the NN interactions are absent. Therefore, TMIs with C = (1120), C = (0022) and C = (0220) emerges when both NN and NNN terms are present. However, appearance of those phases is by no means fixed for those particular values of the parameters. Those phases may appear for other combinations of parameter with different values also. But, no additional phase other that those six is by any means found to appear. Gapless edge states are shown in Fig 4, where the number of edge states are found to satisfy the 'bulk-edge correspondence' rule which states that sum of the Chern number upto the i-th band, ν i = j i C j , is equal to the number of pair of edge states in the gap 25 . Which means that the values of the Chern numbers can be derived, otherwise, from the edge state pattern itself.
Topological phase transition (TPT) may be noted in the parameter space upon changing the values of the parameters. One such transition occurs when K ′ becomes non-zero but J = −1 and D m = 0.5. In this case, the system undergoes a transition from the state (1111) to another state (1120). Distribution of Cs of those two phases around the transition point can be understood in the following way. Gap between the upper two bands vanishes at the transition point in the parameter space due to the presence of a Dirac cone at the band touching point. When the gap reopens Cs of the respective upper two bands change by ±1, resulting in the redistribution of them. Occurrence of other TPTs may be explained in similar fashion. For example, transition from (1111) to (1111) takes place by switching on the K. In this case, two intermediate bands touch in such a way that a Dirac cone is formed at the band touching point.
Another pair of TPT is shown in Fig 5, where the appearance of topological phases is noted with the variation of K ′ . The energies, E 1 , E 2 , E 3 and E 4 are denoted according to the ascending order of their values. Fig 5 (a) shows that two nontrivial topological phases, (1111) and 
PSfrag replacements E kx ky (a) (0022) appear around K ′ = −0.5. TMI with (1111) is found when K ′ < −0.16, as shown in Fig 5 (b) . Upon increase of K ′ , Chern numbers of the lower two bands remain unchanged while those of upper two bands are exchanged by ±1 leading to a new topological phase with (1120). Transition between the same set of topological phases may take place in a variety of ways. Variation of κ xy with respect to K ′ for four different TMI phases is shown in Fig 6 with 
B. Anisotropic Kitaev coupling
Anisotropic Kitaev coupling corresponds to K x = K y = K z as well as K ′ x = K ′ y = K ′ z . Kitaev model with anisotropic NN coupling, (K x = K y = K z ), on both the honeycomb and square-octagon lattices have been solved exactly 10, 19 . Both the systems host gapless and gapped phases in the ground state phase diagram. Identically, both the systems exhibit a unique topological phase, C=(11), in the presence of magnetic field, when they are studied in terms of Majorana fermion.
However, in this study, a dozen of TMI phases is found in the presence of anisotropic Kitaev couplings on the NN and NNN bonds together with NNN DMI and external magnetic field. Band structures for six different TMI phases, are shown in Fig 8. Dispersion relations along the paths in 1BZ in addition to the DOS are shown in Fig  9, for six different cases. Dispersions of bulk-edge states in the one-dimensional BZ have been shown in Fig 10. A comprehensive topological phase diagram of the system for the anisotropic case is shown in Fig 11. Variation of κ xy with respect to K y and K ′ y for different TMI phases is shown in Fig 12. Those are plotted for k B T = 20. Similarly, variation of κ xy with respect to T is shown in Fig 13. All the figures are drawn for fixed values of the parameters, K z = −2, K ′ z = −1, D m = 1 and h = 1. The remaining six TMI phases are defined by simultaneously reversing the sign of C for all four bands, which are henceforth termed as the conjugate phases. Those conjugate phases are obtained by reversing the sign of either K ′ y alone or that of both K y and K ′ y simultaneously in the parameter space, but, without changing the signs and values of remaining other parameters. The specific values of K y and K ′ y , in addition, will determine which criterion will be obeyed for the emergence of a particular conjugate phase. However, no figure corresponding to those conjugate phases is shown in this article.
The band structure for TMI phase having C = (0110) is shown in Fig 10 (a) , which is obtained for K x = −0.8, K y = −0.6, K ′ x = −1 and K ′ y = 0.4. The conjugate TMI phase with C = (0110) appears if the value of K ′ y is changed to −0.4. System exhibits another TMI phase with C = (2332) when NN Kitaev interactions along the y bond is made zero, (K y = 0), keeping other parameters unchanged. The corresponding band structure is shown in Fig 10 (c) . The conjugate TMI with C = (2332) is found just reversing the sign of K ′ y . TMI phase with C = (1001) emerges when K x = −0.7, K y = −0.2, K ′ x = −0.5 and K ′ y = 0.1, which is shown in Fig 10  (b) . But the conjugate TMI phase with C = (1001) appears in this case if both K y and K ′ y reverse their sign. The band structure of the system obtained for K x = −1, K y = −0.1, K ′ x = −0.6 and K ′ y = −0.3, is shown in Fig 10 (d) . This corresponds to the topological phase having C = (1221). Conjugate of this TMI phase appears if K ′ y picks up the reverse sign. At K x = −0.7, K y = −0.8, K ′ x = −0.1, TMI phase with C = (1111) and its conjugate C = (1111) appear for K ′ y = −0.5, and K ′ y = 0.5, respectively. The former is shown in Fig 10  (e) . Finally, Fig 10 (f) corresponds to the band structure of another TMI phase with C = (2222). The corresponding conjugate TMI phase, C = (2222), appears when signs of both K y and K ′ y are reversed. The TMI phase, C = (1111), is found to appear in both the cases of isotropic and anisotropic Kitaev couplings. However, no conjugate phase is found in the isotropic case. Variation of κ xy with respect to T for six different TMI phases along with their conjugate phases is shown in Fig  13, with different colors. Signs of κ xy for a particular TMI phase and its conjugate are of opposite to each other. This corresponds to the fact that signs of the Cs of a definite phase are opposite to those of the corresponding conjugate phase. Thus, κ xy for all the twelve distinct topological phases have been shown in this figure.
VI. DISCUSSION
Topological properties based on the bosonic magnon excitation of the FM Kitaev-Heisenberg model on squareoctagon lattice in the presence of DMI have been investigated extensively in this study. The model comprises of Heisenberg and Kitaev terms both on NN and NNN bonds. Both isotropic as well as anisotropic couplings are considered. A sizable number of TMI phase appears upon variation of parameter values. Topological phases have been characterized in terms of Chern numbers which are evaluated numerically. DMI on a particular combination of NNN bonds is found crucial for the emergence of the TMIs. On the other hand, NN DMI has no role for the same.
It has been indicated in the previous studies that FM Kitaev model with NN anisotropic couplings exhibits a unique topological phase based on the Majorana fermion representation both for the honeycomb and square-octagon lattices in the presence of magnetic field 10, 19 . Interestingly, the situation is different in case of FM Kitaev-Heisenberg system, however, when solved in terms of bosonic magnon excitations. The present investigation reveals that multiple topological phases arise in Kitaev-Heisenberg model on square-octagon lattice when both NN and NNN terms are there. No topological phase is there for NN term alone. In addition, topological properties of the Kitaev-Heisenberg model on the honeycomb lattice are drastically different from those of square-octagon lattice perhaps because of their different symmetries.
In case of honeycomb lattice, nontriviality in the twoband Kitaev-Heisenberg system is induced by the presence of SAI term, Γ (S α i S β j +S β i S α j ) 12 . Conjugate topological phases appear upon sign reversal of Γ, the strength of SAI. But no role of DMI is found there. On the other hand, no effect of SAI term is found on the topological properties of four-band Kitaev-Heisenberg system for square-octagon lattice, where, NNN DMI term is found indispensable. Conjugate phases appear when the signs of Kitaev terms, K y and K ′ y are reversed depending on the situation. NNN Kitaev and Heisenberg terms could not lead to new topological phase for the honeycomb lattice 12 . But a number of new topological phases emerge as soon as the third neighbor Kitaev and Heisenberg terms are introduced. On the other hand, the system hosts multiple topological phases in the presence of NNN Kitaev and Heisenberg terms, in case of square-octagon lattice. It is expected that numerous novel topological phases with higher values of Chern numbers will come up if third neighbor Kitaev and Heisenberg terms are taken into account. Therefore, the topological properties of FM Kitaev-Heisenberg models on both square-octagon and honeycomb lattices are different when studied in terms of bosonic magnon excitations in comparison to the exactly solvable FM Kitaev models on the same lattices based on the Majorana representation.
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